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We list the 19 values of N for which the trinomial T(N, 2)=x N +x2+ 1 is 
irreducible over GF(2) with N ~< 60,000. We then show how to produce from these 
polynomials and their periods and indices all irreducible trinomials T(N, K)= 
xN+x~+ 1 with N- -  = +3 (rood8). These are members of infinite classes of 
irreducible trinomials T(NR, 2R), where R has all of its prime factors divisors of 
the period of T(N, 2) and none of its prime factors divisors of the index of T(N, 2). 
Irreducible polynomials over GF(2) have been used to generate pseudo- 
random sequences for numerous applications in problems of communication. 
To find irreducible polynomials over a finite field a sieving procedure can be 
followed where irreducible polynomials of smaller degree can be used to 
factor polynomials of larger degree. While any irreducible binary polynomial 
of degree N would suffice to generate a finite field of 2 N elements, the 
simplest polynomial to use at least from a hardware standpoint would be the 
least complex. Complexity in this sense is measured by the number of non- 
zero coefficients of the polynomial form. As the polynomial of degree N has 
coefficient of X N = 1 and coefficient of x ° = 1 if it is to be truly of degree N 
this would be the least complex form of a degree N binary polynomial. 
X N + 1 is not irreducible having the factor X+ 1. Thus we consider 
* This work was completed when the authors were at the Institute for Defense Analyses- 
Communications Research Division, Princeton, N.J. 08540. 
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irreducible binary trinomials X N+X K + 1, where we can restrict 
1 ~< K ~< [N/2] with no loss of generality. 
A sieve procedure (see Appendix) was applied to all polynomials 
X N +X K + 1 over GF(2) for N~< 60,000 and of the form N-  ±3 (mod 8). 
Table I contains a list of those trinomials T(N, K) = X N + X K + 1 which are 
irreducible over GF(2) with K = 2. Theorems 3 and 4 of the paper describe 
how any other irreducible trinomial T(N, K) with N = +3 (mod 8) can be 
obtained from those irreducible trinomials in the table. The index for the 
trinomial as well as the complete factorization of 2 N - 1 is also given where 
these values are known. The indices for these polynomials when known come 
from the papers of Brillhart and Zierler (1968, 1969). If the complete 
factorization is not known, as is the case for N >/845, only the known prime 
factors are given. The factorizations are courtesy of John Brillhart and 
Robert Ward. A similar tabulation was made by Zierler (1970) for 
irreducible trinomials T(N, 1) with N~ 30,000. 
All of the exponents N appearing in the table are congruent o +3 
(mod 8). That N can belong to no other congruence class modulo 8, is a 
result of the obvious fact that N must be odd since K = 2 and from part (c) 
of the following theorem of Swan (1961). 
THEOREM 1 (Swan). Let 0 < K < N. The trinomial X N + X r + 1 has an 
even number of factors over GF(2) in each of the following cases: 
(a) N is even, K is odd, N 4= 2K and (NK/2) - 0 or 1 (rood 4), 
(b) N is odd, K is even, KJ(2N and N--- +3 (mod 8), or 
(c) N is odd, K is even, K ] 2N and N----- 5:1 (mod 8). 
Part (b) of Swan's Theorem indicates that T(N, K) with N-+3 (rood 8) 
and K even can be irreducible only for K [ 2N. I f  K is odd, we use N -- K. 
Suppose K = 2V and N= UV. Clearly, if T(U, 2) is reducible then so is 
T(N, K) for f (x )  is a factor of T(U, 2) implies f (x  v) is a factor of T(UV, 2V). 
The following theorem, due to Bittler (1955), tells when T(UV, 2V) is 
irreducible. 
THEOREM 2 (Butler). Let f (x )  be an irreducible polynomial of degree N 
over GF(q) with period e = (qN__ 1)/d and index d. Let M be a natural 
number such that (M,q)= 1 and M=mlm 2 where (ml ,e )= 1 and each 
prime divisor of m E is a prime divisor of e. Then 
(i) each root of f (x  M) has order of the form gm2e, where g [ ml; and 
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(ii) if g l m ~, then f (x  M) has exactly Nm20( g)/S( gm2e; g) irreducible 
factors of degree S(gm2e; q) with roots of order gmze, where 0 is the EuIer 
function and S(a; q) is the order of q modulo a. 
To apply the theorem in our case, suppose T(N, 2) is irreducible of period 
e and index d = (2  u - 1 ) /e ,  and let P be a prime. Then 
(i) if P[ e and P ~ d then T(NP, 2P) is irreducible with period Pc, 
(ii) if PXe and P t d then T(NP, 2P) is reducible with one factor of 
degree N and period e and P - 1 factors of degree N and period Pc, 
(iii) if P ie  and P[d then T(NP, 2P) is reducible with P factors of 
degree N and period Pc, 
(iv) if PXe and P+d then T(NP, 2P) is reducible with one factor of 
degree N and period e and (P -  1)/S(P; 2)factors of degree N .  S(P; 2) and 
period Pc. 
Thus T(NP, 2P) is irreducible only if P I e and PX d. using the above we 
get the following results: 
THEOREM 3. I f  the trinomial T(N, 2) is irreducible of period e and index 
d and P I e but PXd then T(NP ~, 2P I) is irreducible. Further the period of 
T(NP t, 2P I) is pie. 
First we need the following lemma: 
LEMMA.  [fpa II 2N - 1 then pa+m I[ 2NP-'. 
Proof. 2 NP -- 1 = (2 N -- 1)(2 N(v-U + 2 N(P-2) + ... + 2 N + 1) and 2 x = 
1 + WM with P+M. 
Then 2 ju = (1 + paM)J = 1 +jpaM + (terms in higher powers of P) 
e-I P(P-- 1) 
2 gu = P • 1 + WM + (terms in higher powers of P), 
j='-0 2 
and for P 4: 2, 
= p + pa+~q which is exactly divisible by P. 
Proof of Theorem 3. By applying (i) from the above theorem and the 
lemma we see for each case the periods of the polynomials T(NP I, 2P 1) 
absorb the new powers of P and the new index in each case still is not 
divisible by P. 
COROLLARY. I f  the trinomial T(N, 2) is irreducible of period e and index 
d and V is an integer such that Vie and (V,d)= 1 then the trinomial 
T(NV, 2V) is irreducible with period Ve. 
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Therefore, from the irreducible trinomials T(N, 2) and their periods, it is 
possible to determine all irreducible trinomials of the form X M + X r + 1 for 
M ---- ~ 3 (mod 8). 
THEOREM 4. The only irreducible trinomials T(M,K) with M-+3 
(mod 8) are of the form T(NP, 2P) for P I e the period of T(N, 2) and P~d 
the index of T(N, 2), where N--- +3 (rood 8). 
Proof Consider the divisors of 2" -- 1 for n an odd integer. We have 
or 
22k+1 - 1 (modP)  
22k. 2 = 1 (mod P). 
But 22k is a square and 1 is a square. Therefore 2 is a square. But 2 is a 
square only for primes P = +1 (mod 8), see Hardy and Wright (1962, p. 75). 
So if N = +3 (mod 8) then NP is of the same form for P t 2N - 1. Also if 
N -- + 1 (mod 8) then NP is of that same form if P I 2N - 1. Thus it is easy to 
find infinite classes of irreducible trinomials, however, it is not known if an 
infinite number of trinomials of maximal period exist. 
APPENDIX:  SIEVE TECHNIQUE 
The following sieve technique checks the binary trinomial T(N,K)= 
x N + x K + 1 for irreducibility. T(N, K) obviously has no factors of degree 1 
and if N and K are not both even then, T(N, K) is not a perfect square. Our 
interest is in N = ±3 (mod 8) and K=2.  For survivors of each test we 
proceed to the next test. 
1. Swan's test has already been used to exclude all trinomials but T(N, 2) 
with N = ±3 (modulo 8) from consideration. 
2. Check for small factors (of degree 2, 3, 4) explicitly. Note, if N - -  1 
(rood 3); or 3 or 6 (rood 7); or 8 or 9 (mod 15) then T(N,K) is divisible by 
x 2 +x+ 1; x 3 -~-X 2 ~- 1 or  x 3 -~- X -~- 1; or  x 4 -~ X -~- 1 or x 4 -[-3( 3 + 1, respec- 
tively. 
3. Calculate the g.c.d. (T(N, K), x 2d + x) for d = 5, 6 ..... 10. If  the g.c.d, is 
non-trivial then there is an irreducible factor of degree d. (As we are only 
testing for irreducibility and not factoring, this test is easier than a factoring 
test.) 
4. Calculate x 2N (mod T(N, K)). It is necessary that x 2u -- x mod(T(N, K)) 
if T(N, K) is to be irreducible. 
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5. Finally if T(N, K) passes all of the above tests, it is possible that 
T(N, K) has a factor g(x) of degree m ] N. If m 4: N there is a prime factor p 
of N for which rnlN/p. Thus g.c.d. (g(x),x 2NIp +x) is not equal to 1. 
Calculate g.c.d. (T(N, K), x 2NIp + x) for every prime factor p of N. If all these 
g.c.d.'s are equal to 1 then T(N, K) is irreducible. 
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